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Abstract
Given a graph G=(V; E), we consider the subgroup P(G) of the group of permutations of V
generated by the transpositions that correspond to the edges of G. We compute a presentation of
the group P(G) with the given generating set and a 0nite relators set. c© 2001 Elsevier Science
B.V. All rights reserved.
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1. Denitions
Denition 1. Given a set V and a pair {i; j} of elements of V , the transposition ti; j is
the mapping of V into itself such that ti; j(i)= j, ti; j(j)= i and ti; j(x)= x for any other
element of V .
Of course, a set S of transpositions of a set V can be represented by the transposition
graph G=(V; E), the edge set E of which consists of the pairs {i; j} such that ti; j
belong to S. Conversely, any graph G can be seen as the transposition graph of a set
of permutations on its vertex set.
Denition 2. Let P be a group. A presentation of P consists of a generating set S of
P and a set R of elements of the free group F on S such that the kernel of the natural
group morphism F→P is the smallest normal subgroup of F containing R.
In other words, every element of P is represented by some word on the alphabet
S ∪ S−1, and every word in F representing the null element in P can be written
f0r1f1 : : : rkfk with each ri or r−1i in R and fi’s in F satisfying f0f1 : : : fk the null
element of F .
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Of course, one could take the kernel itself as R, but that would be far too cumber-
some!
The set R appears in the Cayley graph  de0ned from the group P and the generating
set S ∪ S−1 as a collection of closed walks, such that every closed walk in  is
obtained by inserting closed walks given by R into some trivially closed walk. Using
presentations allowed Lutz Twele to discover a Cayley graph of degree 6 and diameter
2 on 32 vertices [6].
For example, let us consider the group P of the sixth roots of unity in C, and its
subset {e2i=3;−1}. The primitive sixth root !=ei=3 is −1 · (e2i=3)2; thus {e2i=3;−1}
is a generating set, and we have a surjective group morphism f from F (free group
on two elements a and b) to P, that sends a to e2i=3 and b to −1. The group P
then admits the presentation with R= {a3; b2; aba−1b−1}, because these three words
are obviously sent to 1 by f, and the relations e2i=3 =!2, −1=!3 and !6 = 1 can
be deduced from the three relations present in R. For example (−1 · (e2i=3)2)2 = e2i=3
comes from a−1(ba2)2 = a−2aba−1b−1ba3b−1b2a2.
On the other hand, the commutation relator aba−1b−1 shows that the group P is the
direct product of the subgroup generated by e2i=3 =f(a) with the relator a3 and the
subgroup generated by −1=f(b) with the relator b2.
Proposition 1. G is connected if and only if P(G)=SV ; where SV is the symmetric
group on V; in other words the group of all permutations of V .
P(G) is the direct product of the subgroups SVi ⊂SV ; where the Vi’s are the vertex
sets of the connected components of G.
Proof. It is suIcient to prove the 0rst sentence for trees, since a graph is connected
if and only if it contains a spanning tree. The proof for a tree is by induction on the
order. We give it (it can be found also in [1]).
The result is trivial if the tree has only one vertex. Otherwise, let u be a leaf
of G and let  a permutation of V . Then the sequence of transpositions along the
path from (u) to u sends back u to u. We may then work on the tree induced
on V\u.
Hence any permutation is the product of at most (n− 1)d transpositions taken from
the tree (perhaps with repetition), where d is the diameter of the tree.
For the second part it suIces to notice that any two tranpositions acting on disjoint
pairs commute, and of course a sequence of transpositions corresponding to edges in
G preserves the connected components of G.
2. Groups generated by transpositions and Coxeter groups
Denition 3. A Coxeter group is a group given by a presentation, where the generating
set is S = {s1; s2; : : : ; sm} and the set of relators (sisj)mi; j , with mi; i =1 (so that the si’s
have order 2) and mi;j(=mj; i) are integers ¿ 2.
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It is customary to represent it by its Coxeter diagram, that is a graph with vertex
set S, where pairs (i; j) such that mi;j =2 are nonedges, pairs with mi;j =3 are edges
and pairs with mi;j¿3 by labeled edges (see [2, p. 677]).
Among the relations between transpositions, besides t2i; j = e, we have the commuta-
tions (ti; jtk; l)2 = e if (i; j) and (k; l) are independent edges; we have also (ti; jtj; k)3 = e
for adjacent edges.
In particular, if G is a path with n vertices, say v1; v2; : : : ; vn and n − 1 edges
ei = vivi+1, 16 i6 n − 1, then the group P with generating set the n − 1 transpo-
sitions is a Coxeter group, with Coxeter diagram the line-graph of G, that is a path
on n − 1 vertices (see [4, Eq. (6:22), p. 63]); in other words, no other relator is
required.
We will see below that P(G) is a quotient of the Coxeter group whose Coxeter
diagram is the line-graph of G. Note that P(G) is diMerent from the Coxeter group,
except for the case where G is a disjoint union of paths, since a Coxeter group whose
Coxeter diagram contains a circuit is in0nite (see [4, Section 9:3, p. 122]).
3. Computation of a presentation
We have to 0nd enough relators to obtain a presentation of P(G). We see that all re-
lators have even length, because the transpositions are in the complement S (V )\A(V )
of the alternate group A(V ) in the symmetric group S (V ) of V .
In other words the Cayley graph coming from the group P(G) and its generating
set built from to E(G) is bipartite.
Theorem 1. A presentation of P(G) with the generating set associated to E(G) is
given by the following relators set R(G):
1. (i; j)2 for each edge {ij} of G;
2. (i; ji; k)3 for each pair {ij}; {ik} of adjacent edges;
3. (i; jk; l)2 for each pair {ij}; {kl} of disjoint edges;
4. (i; ji; ki; li; k)2 for each triple {ij}; {ik}; {il} of edges sharing one vertex;
5. i1 ;ic i1 ;i2i2 ;i3 : : : ic−2 ;ic−1ic−1 ;ic ic−2 ;ic−1 : : : i2 ;i3i1 ;i2 for each circuit in G; (the circuit is
i1i2 : : : ici1; and has length c):
Remark. This set of relators is 0nite.
Proof. Let us de0ne H (G) as the group de0ned by the presentation where generators
si; j correspond to the edges of G and the set of relators R(G) is given by the formulas
of the theorem.
It is straightforward to check that the images of relators are null in P(G). Thus, we
have a surjective group morphism p(G) :H (G)→P(G) sending si; j to ti; j.
Since connected components of G contribute to factors in a direct product, we can
reduce our study to connected graphs only.
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The 0fth kind recalls that we may remove edges to keep only a spanning tree for a
connected graph G. More precisely, if T is a spanning tree of G, we have a natural
surjective mapping q :H (T )→H (G) such that p(G) ◦ q=p(T ). Since we will prove
that p(T ) is bijective, p(G) also will be proven bijective.
Since it is known that SV with an appropriate generator (namely a set of transposi-
tions corresponding to the set of edges E of a path (V; E) on the n vertices of V ) is
a Coxeter group with Coxeter diagram a path on n− 1 vertices (see [5]), we have to
show that a tree on V gives the same group as a path on V .
Let T and U be trees on the same n vertices, having n− 2 edges in common, such
that their last edges {i; j} of T and {i; k} of U share the vertex i and form a triangle
with a common edge {j; k}. In other words, an edge rotation transforms T to U .
Note that the edge rotations described by Chartrand et al. [3] do not require the
existence of the edge closing the triangle where the two other sides are the old and
new position of the moving edge.
Then we claim that the groups H (T ) and H (U ) with generators sT and sU de0ned
by the relators are isomorphic, with the isomorphism sUp;q 
→ sTp;q for all common edges
and sUi;k 
→ sTj;k sTi; jsTj;k .
To prove that claim, we check that each relator of U gives a null element in H (T ).
• For relators not involving sUi;k , it is obvious.
• (sUi;k)2 
→ (sTj;k sTi; jsTj;k)2, the image is null because (sTj;k)2 and (sTi; j)2 are null in H (T ).
• if {i; l} is a common edge, with l =∈{j; k}, the image (sTj;k sTi; jsTj;k sTi; l)3 of (sUi;k sUi; l)3 is
null because sTi; l commutes with s
T
j;k , and (s
T
j;k)
2 is null, and (sTi; js
T
i; l)
3 is null.
• if {k; l} is a common edge, with l =∈{i; j}, the image (sTj;k sTi; jsTj;k sTk; l)3 of (sUi;k sUk; l)3
is null, because the relators (sTj;k)
2, (sTi; j)
2 and (sTj;k s
T
i; j)
3 give the equality between
sTj;k s
T
i; js
T
j;k and s
T
i; js
T
j;k s
T
i; j, and we can then use the former argument.
• The image (sTj;k sTi; j(sTj;k)2)3 of (sUi;k sUj;k)3 is clearly null owing to the relators (sTj;k)2
and (sTj;k s
T
i; j)
3.
• if {l; m} is a common edge, with {l; m} ∩ {i; j; k}= ∅ we have (sUi;k sUl;m)2 
→
(sTj;k s
T
i; js
T
j;k s
T
l;m)
2, that is null because sTl;m commutes with s
T
j;k and s
T
i; j, and again
(sTl;m)
2 and (sTj;k s
T
i; js
T
j;k)
2 are null in H (T ).
Thus, we can say that the group morphism exists and is surjective; a similar compu-
tation shows that the relators in H (T ) can be deduced from the images of the relators
in H (U ) by the morphism, and therefore that the morphism is injective.
Thus, we now are back to a purely graph theoretic problem, namely
Is it possible to go from any tree T to a path by edge rotations?
Let us recall that an edge rotation in T consists on replacing the edge set E(T ) by
E(T ) ∪ xy\yz provided that xy and xz belong to E(T ).
Here is an algorithm to achieve this operation, for a tree T . If there is no vertex of
degree ¿ 3 in T , we have already a path, and we have nothing to do. Otherwise, let
x= x0; x1; x2; : : : ; xk =y be a path from a leaf x to a vertex y of degree ¿ 3 in T . Let
z be a neighbour of y diMerent from xk−1. We replace successively zxi by zxi−1 for i
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Fig. 1. Coxeter group with diagram K3. Fig. 2. Coxeter group with diagram C4.
from k to 1. After this sequence of rotations, the new tree has one leaf less than T .
Thus if T had p leaves, we obtain a path after p− 2 sequences of rotations.
This set of relators R is slightly too large in general, as shown in the following
examples.
3.1. Example K1;3
The line graph of K1;3 is isomorphic to K3. A set of relators for the Coxeter group
with diagram K3 is s20;1; s
2
0;2; s
2
0;3,(s0;1s0;2)
3; (s0;1s0;3)3; (s0;3s0;2)3. The Coxeter group is
in0nite, isomorphic to the subgroup of the group of isometries in the euclidian plane
generated by the reNexions that swaps the ends of the edges in a tessellation of the plane
with hexagons (see [4, Section 4:5, p. 49] or Fig. 1). We have to add to these Coxeter
relators another relator, for instance (s0;1s0;2s0;3s0;2)2, in order to obtain P(K1;3), that
is isomorphic to S4 and this is suIcient.
3.2. Example K3
The line-graph of K3 is again K3. We must add a relator to the ones given by
the Coxeter diagram, for instance s0;1s0;2s0;3s0;2, and this is suIcient. From the sets
of relators for this example and the previous ones one easily 0nds the well-known
surjective group morphism S4→S3.
3.3. Example C4
The line graph of C4 is also C4. The Coxeter relators s2i; i ; (si; i+2)
2; (si; i+1)3, with i ∈ Z
=4Z give a group. It is indeed the group of isometries of the euclidian three-dimensional
space generated by reNections that swaps two ends of the edges in a tessellation by
regular truncated octahedra (see Fig. 2). Besides these ones, we must add for instance
s1;2s2;3s3;4s4;1s3;4s2;3 in order to obtain P(C4), that is isomorphic to S4.
4. A related problem
It is perhaps interesting to look whether our rotations allow to transform any con-
nected graph into any connected graph with the same vertex set and size.
Here it has been done only for trees.
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